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We present a new approach to semi-inclusive hard processes in QCD by means of Fracture Functions, hybrids 
between structure and fragmentation functions. We briefly motivate and describe it together with a list of possible 
applications. 
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1. Introduction 

Asymptotic freedom fhj together with general 
factorization theorems [|2| have made possible to 
predict a large variety of perturbative hard pro- 
cesses j|. In the QCD improved parton model 
experimental cross-sections can be computed by 
convoluting some uncalculable, but process inde- 
pendent, quantities with process-dependent, but 
calculable, elementary cross-sections. For any 
given process, initiated by the hadrons A and B: 
A + B — > A' + B' + it is possible to write 
it in terms of a pointlike, partonic cross-section 
da convoluted with suitably defined structure and 
fragmentation functions, F l A and . The mass- 
singularities plaguing the radiatively corrected 
distributions, can be absorbed in the structure 
and fragmentation functions. The cross-section 
written in the factorized form is: 



da(Q 2 ) = / dxj dxj..dz k ..F\(xi,Q 2 ) 

Fi(x j ,Q 2 )---da l °r-(QZ)Df(z k ,Q 2 )... (1) 

where da^"(Q 2 ) is the pointlike partonic 
cross-section. The universal structure and frag- 
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mentation functions F l A (x : Q 2 ) and Di^A(z,Q 2 ) 
do obey the evolution equations: 

F A (x,Q 2 ) = Y: f^E\{* Q\Ql) (2) 

b Jx z z 

■F b A {z,Ql) 

Df( X ,Q 2 ) = Y: f l -E»(-,Q\Q 2 ) 

b Jx z z 

■Db( z ,Ql) 

Universality means that the structure func- 
tions, which can be measured in deep inelastic 
lepton-hadron collisions, can be then used to com- 
pute either the same process or a completely new 
hard reaction at a different scale. 

2. A new look to inclusive processes 

Let us reformulate, in a slightly different 
way, some well known QCD results. Inclusive 
hard processes can be divided in two classes: 
totally inclusive and semi — inclusive ones. Fur- 
thermore, within each of these classes, one can list 
processes according to the number of the hadrons 
appearing in the initial and in the final state rii 
and nf respectively. 

We may consider a process with just leptons 



in the initial state 
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hadrons. If 



no particular hadron is singled out in the final 
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state then n/ = 0. In this case the process is 
completely calculable: 



H) 



£ T er(e 
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where, if H is anything, the sum over x runs over 
any partonic final state. If H represents three 
jets, x will be any number of partons in a three-jet 
configuration and so on. The sum over the final 
partons will eliminate all infrared and collinear 
singularities and the cross-section will have a fi- 
nite perturbative expansion in a s J|] || . 

Let us consider now processes in which one 
hadron is present in the initial state n% = 1, thus, 
typically, deep inelastic lepton hadron scattering 
Q. The cross-section for some hard process H: 
a (I + N — ► I' + H + X), in which no particular 
hadron is singled out in the hadronic final state 
H + X, is well known to take the form fl3[: 



f 1 dx 

/ —F> N (x,Q)cr> H {x,Q) (4) 
Jo x 



<?l+N->l'+H+X 



Where Q is the virtuality of the photon and 
F ] N (x,Q) is the structure function of the tar- 
get N . H can represent any hard process as a 
jet, many jets, a photon and a jet, two heavy 
quarks, etc... The factorized form of eq.([|) cor- 
responds to the fact that, as result of the hard- 
ness of the collision, the final state consists of two 
well separated clusters of particles, one (denoted 
by X) originating from the target fragmentation 
and from the evolution of the active parton and 
the other (denoted by H) coming from the subse- 
quent hard interaction of the active parton with 
the lepton. In addition there will be some wee 
partons (or soft hadrons) which cannot be unam- 
biguously attributed to either H or X. In the 
case of hadron-hadron hard collisions, the cross- 
sections for A + B —y H + Xa + Xb can be anal- 
ogously factorized as: 



CTA+B->H+X a +Xb — 



E 



■F\{x h Q) F%( Xj ,Q) at^ H (x i ,x j ;Q) 



(5) 



Eq.(|5|) does not contain, under this factorization 
hypotesis, new uncalculable quantities besides the 



ones we can already measure in deep inelastic 
scattering. 

If a single hadron is detected in the final state 
rif = 1 then the simplest case corresponds to the 
cross section: 



da e + e -_ 



h+X 



dz 



22a e+e -^ q . q . D'l(z,Q) 



(6) 



which can be used to determine from the data the 
perturbatively uncalculable fragmentation func- 
tion D^(z,Q). Thus, in this case, even processes 
with no initial hadron provide important non- 
perturbative information. The process / + A — > 
I' + h + H + X, according to our previous dis- 
cussion, will receive contributions from two well 
separated kinematical regions for the produced 
hadron h: 

&l+A—>l'+h+H+X = ^current + ^target 
= <Tl+A->l'+(h+H')+X + a l+A-^l'+H+(h+X') ■ (7) 

For the first term, apart from the factor aris- 
ing from target structure function, no knowledge 
other than the one on fragmentation functions D 
is needed. Such "current" contribution has been 
widely discussed in the literature |?|] and we will 
not examine it here. We shall instead concentrate 
on the second term claiming that its description 
does require a new non-perturbative (but mea- 
surable) quantity, a fragmentation-structure or 
"fracture " function ||: 

t x ~ z dx 

(Jtarget= / —M % A h {z, X\ Q) (T l hard (x, Q). (8) 
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This form clearly implies a new factorization 
which will permit to describe the full target frag- 
mentation in terms of the single function M with- 
out separating, as it is usually done, the con- 
tributions of the active parton and that of the 
spectators ||; The factorized form in eq.(||) im- 
plies that, once M is measured in deep inelas- 
tic scattering no extra input is needed in order 
to compute analogous quantitites in hadron — 
hadron collisions. Furthermore, it becomes pos- 
sible to introduce in QCD new uncalculable, 
but measurable and universal functions, that we 
call "fracture " functions telling us about the 
structure function of a given target hadron once 
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it has fragmented (hence its name) into another 
given final state hadron. Fracture functions de- 
pend upon two hadronic and one partonic label 
and on two momentum fractions, a Bjorken x and 
a Feynman z variable: 

M = M> pJl (x,z;Q) . (9) 

One can also say that M measures the parton 
distribution of the object exchanged between the 
target and the final hadron, without making any 
model about what that object actually is. As 
for ordinary structure functions, the importance 
of measuring such an object will be twofold: (1) 
it will teach us about the structure of hadronic 
systems other than the usual targets, and (2) it 
can be used as input for computing other hard 
semi-inclusive processes at other machines, such 
as some future hadronic collider. Furthermore, it 
has been recently observed in a next-to-leading 
evaluation of single particle cross-sections , that 
an entire class of collinear divergences of hadrons 
emitted along initial state directions are naturally 
absorbed by fracture functions |l2| . 

3. Properties of Fracture functions 

In order to take into account the running of a s , 
it is convenient to replace (see, e.g., Ref.Q) the 
evolution variable Q 2 , representing the hard scale 
of the process, by the variable Y defined by: 

2nb 
with ji 



the 

-l 



a s (Q 2 ) 1 

renormalization scale, 



(10) 



a s (Q 2 ) = 

(6 In tt) and the one loop (3- function coefficient 
b given by 12nb = 11N C - 2N F . The evolution 
equation for the fracture function M p h (x, z;Q) 
feels the two distinct mechanisms of hadron pro- 
duction in the target fragmentation region, the 
one coming from the evolution of the active par- 
ton and the one due to fragmentation of the spec- 
tators. As a result, the evolution equation for 



Ml h (x, z; Q) has two terms 



dM>, h (x,z;Y) 



dY 



1 ^pHu)M;^,z;Y) 



with P? (it) and Pi (u) the regularized and real 
|| Altarelli-Parisi vertices, respectively. 

D^(z, Y) represents the fragmentation function 
of the parton I into the hadron h and F*(x, Y) is 
the ordinary deep inelastic structure function, x 
and z are the Bjorken variable of the i-parton and 
the Feynman variable of the hadron-ft,. It can be 
seen M that eq.(|ll|) has the solution: 



M^ h (x,z;Y) 



-r 


2 dw 
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J x-\-z 


w' 2 





du 



u(l — u) 

■El( — ,Y-y)P? l (u) D?(—^- y)F;( W ,y). 
wu w(l — U) y 

The first term takes the hadron distribution 
at a given arbitrary scale j/o an d evolves it to 
the hard scale Y by means of the perturba- 
tive "evolution" function Ef(^,Y — y ) deter- 
mined by the evolution equation -^Ef(x : y) = 

J* 1 if P k( u ) E H'i^v)- The second term de- 
scribes the perturbative evolution from yo to Y of 
the shower generated by the active parton. The 
shower generates perturbatively an inclusive dis- 
tribution for the parton / which finally fragments 
into h. The second term in ([jj]) contains F and 
D but not the fracture function M itself. It can 
be also shown || that: 



• the solution given in eq. (12) does not de- 
pend on the arbitrary scale yo, chosen as 
the starting point of the evolution i.e.: 



d 

dyo 



M^ h (x,z;Y) = 



(13) 



M 3 ph (x : z;Y) satisfies the natural momen- 
tum sum rule: 



'£[dzzMl h (x,z;Y) = (l-x) (14) 

h 

■Fi(x,Y). 



(12) 
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accounting for s-channel unitarity con- 
straints. 

4. Applications 

Leaving to further work a more detailed anal- 
ysis, let us list possible applications of fracture 
functions. 

• One can simply consider M J N h (x, z\Q) for 
large z and define that to be the structure 
function of the leading trajectory that can 
be exchanged between the target (here a 
nucleon) and the observed hadron. More 
generally, on the basis of the Regge-Mueller 
analysis of inclusive cross-sections, we may 
expect, as z — ► 1, an expansion of the type: 



M 3 Nh {x,z;Q)^V R {l-z) 
x 



l-2a f 



(15) 



■F R ( 



1-z 



Q) 



where the sum is over different Regge poles 
of intercept cxr. Fr(x; Q) may be de- 
fined to be the structure function of the 
Rth Reggeon exchanged between N and h. 
Such a parametrization can be particularly 
suitable to describe diffractive processes re- 
cently observed at the Tevatron and HERA 

II- 

One could compare fracture functions for 
various quantum numbers of the N — h 
system, and, in particular, the relative 
amounts of valence quarks, sea quarks and 
gluons in various channels. Gluon-rich 
distributions for vacuum quantum num- 
bers (N = h = p), i.e. the so-called 
Pomeron structure function JTo) ] . At the 
opposite extreme, for so-called exotic quan- 
tum numbers, we should find fracture func- 
tions which are very rich in valence quarks. 
Examples of this type, with a proton tar- 
get, are h — p and h = K in which the frac- 
ture function contains six and five quarks, 
respectively. 

Various deep inelastic lepton-hadron pro- 
cesses can be used in order to disentan- 
gle quark and gluon fracture functions for 



various h. Thus, while the ordinary semi- 
inclusive cross-section can be used to mea- 
sure the quark distribution, production of 
heavy quarks can give the gluon distribu- 
tion. For W and Z production via the Drell- 
Yan process, for example, it would be con- 
venient to trigger on final hadrons which 
give quark-rich fracture functions. If, in- 
stead, one is interested in Higgs production 
via the gluon-gluon fusion process, gluon- 
rich distributions will have to be preferred. 

• A possible application of fracture functions 
is also to polarized lepton-hadron processes 
and to the question of the so-called spin cri- 
The latter simply means that the 
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matrix element of the flavour-singlet axial 
current in the proton is significantly smaller 
than one expects in the naive quark model. 
Due to the U(l) anomaly the spin problem 
and the U(l) problem are indeed related 
ifD! . The question still remains of whether 
the smallness of the proton spin is related 
really to the nature of the target (the proton 
here) or whether it is a more general (i.e. 
target independent) property of the singlet 
axial current fll4| . Fracture functions can 
provide new informations by allowing one 
to measure matrix elements of the axial cur- 
rents in the p + h state. 

Fracture functions could open new possibilities 
for studying hadron structure and for predicting 
hard processes. It would be interesting to see how 
they do compare with real data of deep inelastic 
or hadron hadron scattering. 
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